A.Jensen
A.la Cour-Harbo

Ripples in
Mathematics

-~ The Discrete Wavelet
Transform

%}J Springer



Contents

1. Introduction..........cooiiiiiiiiiii it 1
1.1 Prerequisites............ oot 1
1.2 Guide to the Book......... e e 2
1.3 Background Information................coiiiiiiiiia... 3
2. APFRirst Example. ... ... . i i i i it e 7
21 TheExample .......cooiiiiiiiiiiii ittt 7
2.2 Generalizations......... ..ottt 10
EXerCiSes o oo e e 10
3. The Discrete Wavelet Transform via Lifting .............. 11
3.1 The First Example Again. ..o, 11
3.2 Definition of Lifting............... .o i ... 13
33 ASecond Example ........ ... .. i, 17
3.4 Liftingin General ........... ... ... i, 19
35 DWTin General ....oovvvevriiiiie it iiiieenaannnne, 21
36 Further Examples ..........ciiviiiir i, 23
) vr 1L <1< S 24
4. Analysis of Synthetic Signals ............................. 25
41 TheHaar Transform .......... ... .. ... i, 25
42 The CDF(2,2) Transform ...........cooiiiiennniann... 31
EXOICISES v v v et iee e ee i ittt et 33
5 Imterpretation ........... ... ittt e 37
51 The First Example ...... oo i, 37
5.2 Further Results on the Haar Transform ................... 40
5.3 Interpretation of General DWT .......................... 45
S e 11U A 50
6. Two Dimensional Transforms ............................. 51
6.1 One Scale DWT in Two Dimensions ...................... 51
6.2 Interpretation and Examples................. ... ... 53

6.3 A 2D Transform Based on Lifting ........................ 57



VIII

10.

11.

Contents
D=3 1 =1 A 60
Lifting and Filters I .................... ... . ..ioiaa.. 61
7.1 Fourier Series and the 2-Transform ....................... 61
7.2 Lifting in the z-Transform Representation ................. 64
7.3 Two Channel Filter Banks............................... 69
7.4 Orthonormal and Biorthogonal Bases ..................... 74
7.5 Two Channel Filter Banks in the Time Domain ............ 76
7.6 Summary of Results on Lifting and Filters................. 79
7.7 Properties of Orthogonal Filters .......................... 79
78 SomeExamples ....... ..ot e 82
EXOrCiSes .o vvvr it e e i e et 86
Wavelet Packets ......... ... ... ittt 87
8.1 From Wavelets to Wavelet Packets........................ 87
82 Choiceof Basis........c.ooiiiiiii it 90
83 CostFunctions............coiiiiiiiiiiininennnnnnn. ... 96
EXOrCISES v vt ie ittt et i i i i e et e 98
The Time-Frequency Plane ............................... 99
9.1 Sampling and Frequency Contents ........................ 99
9.2 Definition of the Time-Frequency Plane ................... 102
9.3 Wavelet Packets and Frequency Contents .................. 107
9.4 More about Time-Frequency Planes....................... 111
9.5 More Fourier Analysis. The Spectrogram .................. 121
01 Ce) < - S 125
Finite Signals............ . 127
10.1 The Extent of the Boundary Problem ..................... 127
102 DWTinMatrix Form .......... ... ..o, 130
10.3 Gram-Schmidt Boundary Filters.......................... 134
10.4 Periodization ... ....o.vortiniiint i, 140
10.5 Moment Preserving Boundary Filters ..................... 144
EXOrCISeS v v vttt it i e e et 148
Implementation...............coiviiiiiiii i 151
11.1 Introduction to Software ................ oL, 151
11.2 Implementing the Haar Transform Through Llftmg ......... 152
11.3 Implementing the DWT Through Lifting .................. 155
11.4 The Real Time Method ......................oooiiLL 160
11.5 Filter Bank Implementation ............................. 171
11.6 Construction of Boundary Filters......................... 175
11.7 Wavelet Packet Decomposition ...... e e e, 180
11.8 Wavelet Packet Bases ............c.ciiiiiiiiviiiiinn., 181

11.9 Cost FUNCHIONS . o oo i ittt ittt e et r i 185



Contents X

D o T < J 185
12, Liftingand Filters IL............... ... ... ... ... ....... 189
12.1 The Three Basic Representations ......................... 189
12.2 From Matrix to Equation Form ....................... ... 190
12.3 From Equation to Filter Form.......................... .. 192
12.4 From Filters to Lifting Steps............................. 193
12.5 Factoring Daubechies 4 into Lifting Steps.................. 202
12.6 Factorizing Coiflet 12 into Lifting Steps ................... 204
EXerCiSes . ..vvii it i e e e e e 209
13. Wavelets in Matlab ............... .. ... o it 211
13.1 Multiresolution Analysis..................ccoiiviia... 212
13.2 Frequency Properties of the Wavelet Transform ............ 216
13.3 Wavelet Packets Used for Denoising....................... 220
13.4 Best Basis Algorithm ................... .. .., 225
13.5 Some Commands in Uvi.Wave ........................... 230
EXerCiSes . ..oviin i i e et e e e 232
14. Applications and Outlook................. ... ... ... ... 233
14.1 Applications .....ovetiiiriiie e it e e 233
14.2 OUtloOK .« . oo v vt e e i e 235
14.3 Some Web Sites ....... S AP 237
References . .. .o vvvi et i i e i et e 239



